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The linear stability of exothermic autocatalytic reaction fronts is considered using the viscous ther-
mohydrodynamic equations for a fluid with finite thermal diffusivity. For upward front propagation and
a thin front, the vertical thermal gradient near the front is reminiscent of the Rayleigh-Benard problem
of a fluid layer heated from below. The problem is also similar to flame propagation, except that here
the front propagation speed is limited by catalyst diffusion rather than by activation kinetics. For small
density changes in a laterally unbounded system, the curvature dependence of the front propagation
speed stabilizes perturbations with short wavelengths A, (A,„whereas long wavelengths are unstable to
convection. The critical wavelengths A,, are calculated and compared with experiments and with
theoretical results for a similar problem that is driven by a Rayleigh-Taylor instability arising from a
discontinuous density difference at the reaction front.
PACS number(s): 47.20.Bp, 47.25.Ae, 03.40.Gc
I. INTRODUCTION
Autocatalytic reaction fronts are of interest in many
fields. In systems such as iodate-arsenous-acid mixtures,
the front converts unreacted fluid at one density into a
reacted fluid at a different density. This conversion re-
sults in the release of heat due to the exothermic nature
of the reaction. Experimental work on such systems [1]
has demonstrated the existence of fronts with constant
curvature, moving at constant speeds. The curvature of
these fronts is due to the presence of steady convective
fluid motion near the reaction front. The convective
motion is due to the hydrodynamic instability of the sys-
tem. The instability may arise from either or both of the
following sources. (1) The instability may be caused by
the density difference between the reacted and unreacted
Quids. With the arsenous-acid system, the reacted Quid
has a lower density than the unreacted fluid if measured
at the same reference temperature. When ascending
fronts are considered, this density difference results in the
lighter (reacted) fluid being below the heavier (unreacted)
fluid, setting up an instability which is similar to the clas-
sical Rayleigh-Taylor instability. (2) The hydrodynamic
instability can also be caused by thermal effects. Since
the chemical reaction is exothermic, the front is the loca-
tion of what can be considered to be a heat source. When
upward propagating fronts are considered, this heat
source results in the fluid far below the front being at a
higher temperature than the fluid far above the front. If
the temperature difference is large enough, the density
gradients caused by the thermal gradients can result in a
Rayleigh-Benard-like instability. Depending on the phys-
ical system of interest, either one or both of these causes
of instability can be important.
In a recent work [2] the authors considered a problem
involving zero and infinite thermal diffusivity with the
reacted fluid density being less than that of the unreacted
fluid. This corresponds to the instability described in
case (1) above. The goal of this work is to consider case
(2), when the instability is due solely to thermally induced
density gradients, and not to the isothermal density
differences of the Quids. Thus in this work we shall as-
sume that at some reference temperature, the densities of
the reacted and unreacted fluids are the same; this results
in all density differences being due to the temperature
gradients near the front.
II. EQUATIONS OF MOTION
The equations governing the propagation of autocata-
lytic reaction-diffusion fronts have been derived previous-
ly [2]. We now review the basic assumptions made in this
derivation.
We consider the reaction front to be very thin. Studies
have shown the reaction front thickness to be much less
than the thermal front thickness (7X10 cm as com-
pared to 0.5 cm) [2]. This thickness of the reaction front
is also small compared to the diameter of the tubes used
in these studies, which are typically on the order of 0.1
cm. The thin reaction front approximation can then be
justified since this thickness is small compared to the oth-
er length scales in the problem. Similar approximations
have been used in the study of flame propagation [3—7].
Since we are treating the front as a heat source, conserva-
tion of energy requires that the temperature gradient
change discontinuously at the front while the tempera-
ture itself is continuous.
The other assumption in use involves how the fluid
density changes with temperature. Since it is the small
density changes due to thermal expansion of the Quids
which drives the convective instabilities we are interest
in, we can write the fluid density to first order as
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+V.VT+DTV T,
at
V.V=O
BHc=nz —n VI,
(2b)
(2c)
(2d)
with jump conditions across the interface between the
reacted and unreacted fluids given by
[n V]+=0,
[QXV]+=0,
[P, ]+—[n;n. T;"]+=0,
[eijknj nl Tkl ]-
[n.VT]+ =Dr 'ETc,
[T]+=0,
(2e)
(2f)
(2g)
(2h)
(2j)
p(T)=p, [1—a(T —Ti )],
where p( T) is the density at temperature T, p, is the den-
sity at the reference temperature T1, and cz is the classical
thermal expansion coeScient at constant pressure. Such
small density changes are included only where they modi-
fy gravity.
Under these assumptions, the governing system of
equations becomes [2]
V +(V V)V= —ga(T, —T)z — VP„+vVV,1 2
at P1
(2a)
T(x, t) =vcog 'a 'Dr 8(x*,t '),
P„(x,t) =p,cop(x*, t'),
K(x, t)=coDr 'x(x', t*),
V(x, t) =cov(x*, t*),
H(x, t)=DTco 'h(x*, t*),
v
at
+(v V)v= —P(8 —8)z —Vp+PV v,1
ae +v VO=V 8,
at
(4a)
(4b)
V v=O, (4c)
n z =n.v +1+x/2,
Bt
jump conditions
(4d)
where K is the dimensioned curvature of the front. The
dimensionless parameters which are relevant to this prob-
lem are the Prandtl number P=v/Dr, Lewis number
X=Dr/Dc, and Rayleigh number %=aghTDr/vco
=81—eo for convection driven by the thermal gradients
near the front. Typical values for these parameters for
the iodate-arsenous-acid system are 8=898, P=6.34,
and /=72. 5 where we have used co=2.95X10 cm/s,
Dr = 1.45 X 10 cm /s, chemical diffusivity
Dc=2.0X10 cm /s, a=2. 57X10 /'C, and
v=9.2X10 cm /s (Ref. [2]). We can now write Eqs.
(2) in dimensionless form, with equations of motion
and viscous stress tensor
where P„is the reduced pressure given by
P„=P+P1gz,
(2k)
(3)
[n.v]+ =0,
[nXv]+=0,
[p]+= —[n, n, T,,"]+,
[~i kn nl Tki ]-
[n.V8]+ =%(1+i~/X ),
[8]+=0,
(4e)
(4g)
(4h)
(4i)
(4j)
v is the kinematic viscosity, DT is the thermal difFusivity,
c is the normal front velocity with respect to the unreact-
ed Quid, H is the vertical position of the front as a func-
tion of the horizontal coordinates x and y, and of the
time t, I is a unit vector pointing normal to the front into
the unreacted fluid, e;-k is the totally antisymmetric ten-
sor defined so that @123 ~231 312 &321 213 6132
= —1, and E',jk 0 otherwise, and where the notation[g]+ indicates the difference between the values of the
quantity g on the reacted and unreacted sides of the
front. The quantities v and DT have been considered con-
stant since experimental data imply negligible ternpera-
ture corrections to v and Dr (Ref. [2]).
We shall use length and time scales DTco ' and DTco
to define dimensionless coordinates x* and t * such that
x=DTco 'x* and t =DTco t*, where co is the planar
front speed. We also define dimensionless dependent
variables by
and viscous stress tensor
Bv; Bvj
Bx Oxi
(4k)
where we have used the eikonal velocity [8] c =co+DcK
and we have dropped the asterisks from the dimension-
less variables. The unit normal at the front pointing into
the unreacted fiuid is given by
z —Vh
(1+IVh I')'" ' (41)
where the plus sign is used when the unreacted fluid is
above the front (upward propagation). This set of equa-
tions describes viscous convection for a thin autocatalytic
front in the frame of the moving front where the instabili-
ty is due to thermal effects under conditions such that the
reacted and unreacted fluids have the same density at
some reference temperature. An eikonal velocity (instead
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of activation kinetics) and nonzero viscosity distinguish
Eqs. (4) from the equations typically used for flame prop-
agation [3—6]. These equations also differ substantially
from a set of equations for viscous flame propagation in a
boundary-layer approximation (Ref. [7]).
To obtain useful jump conditions, we must relate the
jump conditions at the front, Eqs. (4e)—(4j), to jump con-
ditions which can be imposed at z =0, as has been done
in similar problems [10]. To do this, we shall, for an arbi-
trary function g', use a Taylor expansion of the form
III. LINEAR STABILITY
GF FLAT HORIZONTAL FRONTS M].=» =M].=0+Ii
a
z —0
+ ~ ~ ~
V = Z(0)
80+Re
g(0)—
81, z&0,
z~0
(sa)
(Sb)
A laterally unbounded system represents the simplest
nontrivial geometry in which to study convection for au-
tocatalytic systems. Below we shall develop this calcula-
tion for the system when the instability is driven by
thermal gradients (as is the case with the classical
Rayleigh-Benard problem). This will result in the calcu-
lation of a critical wavelength below which the front is
stable to perturbations (resulting in a flat propagating re-
action front). This critical wavelength can then be com-
pared with that found when the problem involves a
discontinuous density for these autocatalytic systems [2].
The above system of equations has been derived for a
coordinate frame fixed to an upward-propagating hor-
izontal front. The location of the unperturbed front is
fixed at z =h =0. The unreacted fluid is thus in the z & 0
domain (for upward propagation of the front), while z (0
locates the reacted fiuid. In this frame, Eqs. (4) yield a
steady dimensionless fluid velocity and temperature
profile for the undisturbed flat front (with )( =0):
Assuming that g is of the form g=g( )+g") results in the
following jump condition (to first order):
with a first-order jurnp:
(0)
[g())] —[g())] + I (1)
z=0
Applying these results to Eqs. (4e)—(4j) yields
[n' ' v"'] =0
[n'" Xv"'], ,=0,
[P ] =0=0
(7e)
(7g)
(7h)
z=0
where we have used the fact that h ' '=0. Examining this
relation we see that the zero-order jump is of the form:
[g(0)] [g(0)]
where 80 is the dimensionless form of the initial tempera-
ture of the unreacted fluid and 01 is the dimensionless
form of the final temperature of the reacted fluid. Since
the dimensionless velocity v' '= —z is measured in the
moving frame in units of the flat front propagation speed
c0, its value corresponds to zero fluid motion in the labo-
ratory frame. We can now study the linear stability of
the flat front by introducing small time-dependent pertur-
bations according to
ae")
clz z=0
=sa ("+s~("yz,
T"v(l)IJ
aU"' OUI"J
BXJ BX;
[e("], ,= —Xf "),
where
(7i)
(7j)
(7k)
a(9("
+V VO( ) +V(1) yO(0) q2g(1)
at
V.v")=0
aI ")
~n(0).~
~
(1)+~(0).v(1)+ ~()) (0)'
at
(7b)
(7c)
(7d)
(0)+ (1)
g g(0) +g(1)
p (0)+p (1)
with similar expressions for n, ~, and T;-. Substituting
these expressions into Eqs. (4) and retaining terms linear
in the perturbations yields
av")
+ [v(0).y]v()) Pg(1)~ Pr (1)+PP2 (1) (7 )
at
is the perturbation stress tensor and we have used the un-
iformity of v' ' to eliminate some terms. We have also
used the fact that for two-dimensional perturbations with
x, z, and t dependencies and nonzero horizontal and vert-
ical velocity components u(" and u)") only, Eq. (41) im-
plies an undisturbed component of the normal vector
n' '=z and a perturbation component n"'= —iqh" x for
upward propagation. Correspondingly, the appropriate
curvature
1 d h (g)(1+~P'h
~
)
has a perturbation component sc"'= —q h'". Since Eqs.
(7) represent a set of linear homogeneous ordinary
di8'erential equations, we can introduce a perturbation
wave number q and growth rate cr and endow the pertur-
bations h'", v"', 0'", and p'" with exponential depen-
dencies e' + '. By defining a—=ariz, we can now use
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Eq. (7c) and the horizontal component of Eq. (7a) to ob-
tain
solving Eq. (9c) for 8"' and using this in (9d);
[q P '(a —q )(Pa +a —qzP —cr)
and
u
(1~= i 1BW(1)
p'"=q (a +a —Pq —o )aw"',
(9a}
(9b)
X(a'+a —q' —o)+a8"']w'"=0 . (1O)
Requiring the solution to remain bounded as z~ —ao,
we 6nd that w'" is given by
so that Eqs. (7) yield
(a —q )(Pa +a —Pq —o )w"' —q Pe"'=0,
(a'+ a —q' —o )e"'—[ae"']w" ~ =o,
w"' =(o +q /X)h "',
[ (1)]
[aw"'], =o=o
[a'w'"], ,=o,
[a'w'"], ,=0,
[ae'"] =A(1 —q /X)h"',
[e"']
(9d)
(9e)
(9g)
(9h}
(9i)
(9j)
(9k}
These equations govern the time evolution of the dimen-
sionless perturbations about a Hat front.
This system can be rewritten totally in terms of m'" by
w"'=eiqx+~'(ge ' +ye ' +pe ' )
for z (0, where
$1=q,
sz= ,
'—+—(,'+—q +cr)'
1 1 2 0.$3 —— p+ ++q +—
' 1/2
Ahead of the front (z )0), the nonuniformity of 8' '
requires a solution in the form of a power series of ex-
ponentials of the form (again requiring boundedness for
large z)
3 QO
w(1) e'q + t y yD (&)e +'~i=1 k =0 (12)
where Eq. (10) implies a recursion relation for the
Dk(s, }'s such that
qPADk, (s—; }
[(k+s;) —q ][P(k+s, ) —(k+s, ) Pq cr][(—k+s, )——(k+s;)—q —o ] (13)
where
$1
s =—'+( '+q +cr)'—
' 1/2
1S3= + 1 2 cT4P +q
+—
It is important to note that the above solutions are only
valid as long as $„$2and $3 are distinct. As soon as any
two of these roots become equal or differ only by an in-
teger, this form of the solution is no longer valid. We
shall see below that this necessitates care in determining
the parameter values for the onset of convection. This
will be discussed in more detail below.
If we now assume a form for the position of the front
to be and
ao bo
—a0
—a1
Q2
—a 3
—a4
—a5
—b 0
—b 1
—b 2
—b 3
—b 4
—b 5
co 0 0 0 —(cr+q /X)
1 1 1 0Cp
C1
C2
C3
C4
C5
$1 $2 X3
-2 -2 -2$1 $2 $3
-3 -3 -3$1 $2 $3
-4 -4 -4$1 $2 $3
-5 -5 ~5$1 $2
qA
L77
(16)
L77 = —q %[(1 q /X )+1/P]—
I (1) E iqx+ot 7 (14)
LU=O,
where
(15)
and use this along with Eqs. (11) and (12) in the jump
conditions given above, the problem reduces to a linear
algebraic system describing the onset of convection. The
system is of the form (after some simplification)
'Do(s, ) '
Do(s2)
Do(s3)
8
C
E
(17)
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with
a = ~~ ( —1)"(s,+k)"Dk(s, )/Do(s,an
k=0
b =
~ (
—1 )"(s2 +k )"Dk (sz ) /Do(s2n
k=0
c = ~~ ( —1)"(s3+k)"Dl,(s3)/Do(s3Cn
k=0
IV. DETERMINING THE VALUES
FOR ONSET OF CONVECT ION
(18a)
(18b)
(18c)
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A, with traces 1, 2, and 3 corresponding to %=989
(same as trace 1, Fig. 1), 89.8, and 8.98. This demon-
strates that there is no critical Rayleigh number for this
system, ' the propagating front will be unstable over some
range of perturbation wavelengths for any concentration
of reacting chemicals (i.e., any AT )0).
This growth-rate behavior can be understood heuristi-
cally by realizing that finite large wavelengths will always
be unstable if the Quid below is lighter than the Quid
above because there are no vertical or horizontal boun-
daries (such as for the Rayleigh-Benard problem) to pre-
clude these wavelengths. For the Rayleigh-Benard prob-
lem of a laterally unbounded Quid layer heated from
below, the growth rate for wavelengths sufficiently large
compared to the depth of the layer is negative because
the small savings in gravitational potential energy gained
by the widely spaced small regions of upfiow and
downflow cannot balance the cost of maintaining large
regions of horizontal Qow with their associated viscous
dissipation of energy. Thus large wavelengths are
effectively precluded by the boundaries in the Rayleigh-
Benard problem. In the present problem, the absence of
vertical boundaries implies that the vertical length scale
is fixed by the horizontal length scale (the wavelength)
rather than by the boundaries, thus allowing large wave-
lengths.
As can be seen in Fig. 1, trace 1 tails out as it ap-
proaches a zero growth rate. A possible explanation of
this behavior is the following. Figure 6 shows a typical
interface with several normals to the surface drawn in.
The instability of the planar front is due to density
differences caused by thermal gradients. This leads to the
potentially unstable state of a higher density fiuid above a
lower density fluid. The perturbed interface (Fig. 6) re-
sults in additional temperature effects. In the region
where the interface is concave down, heat Qux in the nor-
mal direction tends to diffuse the heat produced by the
reaction, while regions where the interface is concave up
tend to concentrate the produced heat. This concentra-
tion heats the fluid above the front resulting in expansion
of the Quid. This heating effect partially counters the
effect of the thermal gradients which gave rise to the in-
stability. This effect becomes significant for small wave-
lengths, where it may produce the observed tail on the o
versus q plot.
Since trace 1 of Fig. 1 represents the lowest mode, we
shall use it to estimate the wavelength for onset of con-
vection. The relation between the dimensionless wave
number q and the dimensioned wavelength A is given by
FIG. 6. Schematic diagram of an ascending reaction front
(solid trace) and normal vectors pointing into the unreacted
fluid (arrows with solid heads) showing the enhanced heat flow
into regions where the reaction front is concave up.
A =2mDTc0 'q '. Thus the wavelength for onset of con-
vection for the iodate-arsenous-acid system examined in
this work is A, =0.S2 cm. For A (A, the planar front is
stable. The wavelength for onset of convection from the
corresponding discontinuous density problem when the
thermal diffusivity was assumed to be zero was approxi-
mately [2] 0.1 cm, and was approximately 0.13 cm when
the thermal diffusivity was assumed to be infinite (Ref.
[2]). The implications of the critical wavelengths arising
from these two different types of instability may now be
discussed. The first type of instability is due to a discon-
tinuous density at the reaction front (neglecting other
thermal effects by considering the limits of zero and
infinite thermal diffusivity) reminiscent of a Rayleigh-
Taylor instability. The second is due to considering a
finite, nonzero thermal diffusivity without a jump in den-
sity at the interface. This leads to an instability which is
driven by thermal gradients similar to those which give
rise to the instability in the Rayleigh-Benard problem. In
comparing the relative importance of these two mecha-
nisms leading to instability at the onset of convection, we
see that for the previously discussed values of %, X, and
P, the observed onset of instability in the physical system
where both mechanisms are competing should be
governed by the discontinuous density since this results
in an instability present at shorter wavelengths than that
due to the finite, nonzero thermal diffusivity with con-
tinuous density. This further substantiates the con-
clusion of a recent work [2] by the authors which pro-
poses that in cases where the density behind an ascending
front is less than that ahead of the front, the behavior of
the system is dominated by the discontinuous jump in
density rather than by thermal gradients.
VI. CONCLUSIONS
In light of the above results and the fact that experi-
mental observations show the onset of convection in
iodate-arsenous-acid systems to be predicted by the re-
sults of the discontinuous density calculations [2], the
type of instability studied here should not be of much im-
portance in these systems. This may not be the case for
other systems such as Fe(II)-Ni systems where the react-
ed fiuid is more dense than the unreacted fluid (Ref. [9]).
In such systems, instability should be governed by
thermal gradients. However, detailed experimental ob-
servations probing the onset of convection in these sys-
tems are required before comparisons can be made. One
may also question how the inclusion of the finite thermal
diffusivity in the discontinuous density problem will
change the character of the solutions obtained from the
linear stability analysis. This question is currently under
investigation. A further interesting question is the effect
of these two types of instability away from onset of con-
vection in the nonlinear regime. These problems are un-
der investigation.
The inclusion of finite thermal diffusivity in the prob-
lem of propagating autocatalytic fronts results in a much
greater complexity in the solutions than does the corre-
sponding discontinuous density problem. The complexi-
ties arise in the solutions being of the form of an infinite
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series of exponentials.
The above-described solutions have not been observed
experimentally for the arsenous-acid reaction since under
experimental conditions used thus far, instabilities similar
to those observed in the Rayleigh-Taylor problem due to
composition changes result in the onset of convection at
smaller wavelengths than those associated with the effects
of temperature gradients in the absence of a discontinu-
ous density difference at the interface. The results in this
work have fulfilled two major goals. (1) They serve to
substantiate the conclusion presented in a previous work
on the discontinuous density problem, namely, that at on-
set of convection the iodate-arsenous-acid system should
largely be governed by the discontinuous density
difference and not the temperature gradients. (2) They
demonstrate how solutions may be obtained when the
temperature effects are included and show the nature of
these solutions. The above-described onset of convection
of systems in which the instability is driven by thermally
induced density gradients may be observable in iodate-
arsenous-acid systems under appropriate experimental
conditions. It may also be relevant to other systems such
as Fe(II)-Ni. The results and methods described here will
be valuable when the problem including both the density
discontinuity and finite thermal diffusivity is studied.
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